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ABSTRACT
We propose a scheme for extracting entangled charge qubits from quantum-dot chains that support zero-energy edge modes.
The edge mode is composed of Majorana fermions localized at the ends of each chain. The qubit, logically encoded in double
quantum dots, can be manipulated through tunneling and pairing interactions between them. The detailed form of the entangled
state depends on both the parity measurement (an even or odd number) of the boundary-site electrons in each chain and
the teleportation between the chains. The parity measurement is realized through the dispersive coupling of coherent-state
microwave photons to the boundary sites, while the teleportation is performed via Bell measurements. Our scheme illustrates
localizable entanglement in a fermionic system, which serves feasibly as a quantum repeater under realistic experimental
conditions, as it allows for finite temperature effect and is robust against disorders, decoherence and quasi-particle poisoning.
Majorana fermions (MFs), first considered by Ettore Majorana in 1937 for decomposing Dirac fermions into a superposition
of real fermions,1 are hypothetical particles which are their own antiparticles. In particle physics, no elementary particles
are MFs except the neutrino whose nature is not explicitly resolved.2 In condensed matter physics, however, MFs have been
proposed as quasi-particle excitations of the ν = 5/2 fractional quantum Hall state,3 at the surface of a topological insulator
coupled with a s-wave superconductor,4 in the quantum wells or quantum wires,5–8 and in cold atoms.9 Generally, three
elements are needed for the realization of MFs:10, 11 strong spin-orbit interaction to generate position or momentum dependent
spin directions, superconductivity to induce electrons pairing effect, and Zeeman magnetic field to lift the spin degeneracy.
Several experiments have been performed which can be interpreted as emergence of MFs.12–15
MFs are interesting not only due to their fundamental properties but also in the aspect of their potential applications such
as topological quantum computation,16, 17 quantum state transfer,18 quantum memory19 and fault-tolerant quantum random-
number generation.20 The unique feature of these applications is the topological phase of matter for which the manipulations
in the degenerate ground state subspace are protected against local perturbations that respect the characteristic symmetries
of the system e.g. the particle-hole symmetry, and thermal excitations are suppressed by a sizable energy gap.21–23 However,
the perturbation that does not respect the symmetries of the system (e.g. unpaired electrons in superconductors) may induce
undesirable transitions within the ground state subspace. This is the phenomenon of quasi-particle poisoning24, 25 which can
cause bit-flip errors and decoherence in quantum computation. Therefore, it is important to devise a scheme of quantum
computation that not only benefits from the topological properties of the system but also shows robustness against quasi-particle
poisoning. This is the motivation of our work.
In this work we propose a scheme for extracting entangled qubits from Majorana fermions through the measurement of
parity. The scheme utilizes the topological properties of the system and is also robust against quasi-particle poisoning. The
system we consider is two parallel chains of quantum dots as shown in Fig. 1. Each chain is divided into two subchains.
We shall demonstrate that, under realistic experimental conditions, each sub-chain encompasses a zero-energy edge mode
composed of two unpaired Majorana fermions. The edge mode corresponds to two degenerate ground states, each of which
has a definite parity (an even or odd number of electrons). When considering their structure, we find that the inner sites of
the sub-chain (the bulk) are generally entangled with the boundary sites (the edges). Moreover, the states for the bulk part
in this bulk-edge entangled state also have a definite parity, while for the edges they are themselves (maximally) entangled
states between the boundary sites (the parity is definite as well). We propose employing coherent microwave photons to interact
dispersively with the edges. In this way, the parity of the edges is measured so that maximally entangled edge states can be
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Figure 1. The schematic diagram of the experimental setup for extracting entangled qubits from two parallel chains
that support Majorana fermions. The quantum dots (dark yellow ellipsoids) and the superconducting grains (blue cuboids)
are grown on a dielectric slab (silicon nitride). In the back of the slab, there are electrical gates (golden bars) for controlling the
confining potential of the quantum dots as well as the couplings between the quantum dots and the superconducting grains.
Each of the two parallel chains are labeled as two connected chains. The chemical potential of their boundary sites are
controlled by the front gates (purple). A magnetic field B is applied perpendicularly to the chains to induce spin-split levels in
the quantum dots.
extracted. The extraction is robust against quasi-particle poisoning,24, 25 as will be shown later in the subsection “Measurement
scheme”. It can be seen that our proposal illustrates localizable entanglement26 in a fermionic system. Originally, localizable
entanglement is concerned with spin systems and is defined as the maximum amount of entanglement that can be created, on
average, between two spins in a spin chain by performing local measurements on other spins. It provides a method to transfer
the many-body entanglement to two localized spins. In our work, the spins are replaced by the fermionic sites of quantum
dots, and the measurement on other spins is replaced by the coherent parity measurement on the target fermionic sites (the
two boundary sites). However, the edge states are not good entangled qubits, because the basis for one subsystem of the states
is encoded in a single fermionic site, so that a superposition between the basis states is difficult.27 We propose a scheme to
transform the edge states into two useful entangled qubits encoded in the boundary sites of the parallel chains so that the
superposition of the basis states of the qubit is allowed. The scheme involves a swap operation between the sites of different
edge states, and teleportation through the edge states. Fig. 2 and 3 show the flow diagram and principal pulse sequence of
our scheme. The fidelity for the entangled qubits can be as high as 0.9 in the presence of the decoherence induced mainly by
the noise of the electrical gate bias.28, 29 Another common source of decoherence is the environmental charges trapped in the
insulating substrate or at the interface of the heterostructure.30 These random charges interact with the electrons in the quantum
dot, which causes severe decoherence. New growth methods for materials with low trapped charge density,31 as well as the
charge echo techniques,32 can alleviate the decoherence.
Our scheme serves as a quantum repeater when combined with the purification protocols which further increase the
entanglement.33 The extracted entangled qubits are a useful entanglement resource in the teleportation-based quantum
computation (TQC) which is equivalent to the one-way quantum computation.34, 35 TQC can be used as a supplement to the
standard charged-based quantum computing (CQC)28 in the situations where quantum gates between remote qubits are needed,
with the other ingredients: two- and three-qubit measurements realized by CQC. Our proposal allows for finite temperature
effect, as the ground state of the chain is protected by a substantial energy gap induced by the superconducting proximity effect.
Also, it is only required to finely tune the system parameters close to the edges, while small disorders of the system in the bulk
of the chain is allowed. Moreover, our scheme is robust against quasi-particle poisoning as mentioned in the previous paragraph.
Therefore, our proposal can be implemented under realistic experimental conditions.
Results
The model.
For convenience of discussion, each chain in Fig. 1 is re-labelled as two connected sub-chains so that there are four sub-chains
C1,C1′ ,C3,C3′ , with respective boundary sites being (1,2),(1′,2′),(3,4),(3′,4′). The partition scheme is not unique, as long as
the sites 2 and 3 are aligned to allow a controllable coupling between them. The system of a single chain has already been
proposed by Sau and Sarma for realizing MFs.36 We briefly review the experimental realization of the chain. The linear chain
with N sites is composed of N quantum dots. The two adjacent quantum dots are coupled through a s-wave superconducting
grain which induces pairing interaction in the quantum dots.37 A Zeeman magnetic field B is perpendicularly applied to
the chain, lifting the spin degeneracy, so that only a single quantum level effectively participates in the interaction between
neighboring quantum dots. The chemical potential of each quantum dot is tuned by applying gate voltages individually, in order
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Figure 2. The flow diagram (a)→ (d) for extracting entangled qubits from two parallel chains that support
zero-energy edge modes. (a) The two parallel chains, divided into four sub-chains, are initialized in the respective ground
states. (b) The microwave is employed to measure the parity of the edges of each sub-chain, in order to collapse the wave
function into an entangle state of the boundary sites (see Fig. 5 for details). Here the hollow grey lines indicate that the
boundary sites are decoupled from the inner sites. (c) A swap operation between the site 2 and 3 is performed, resulting in a
bipartitie entangled state where the two subsystems are (1,3) and (2,4). (d) Two Bell measurements are performed in order to
teleport the state of 3 to 1′ and that of 2 to 4′. In this way, entangled qubits are formed in the overall ends of the two parallel
chains.
Figure 3. The schematic diagram of the principal pulse sequence of our scheme for illustrative purposes only. (a)
shows the process of measuring the parity of the boundary-site electrons of one sub-chain. It corresponds to Fig. 2 (b). Here the
microwave initially in the coherent state |α〉 and the sub-chain C1 will go through three interactions U†,e−itHin ,U designated
by Eq. (12). B is the Zeeman field. Decreasing it by 170 mT is to tune the gap of boundary-site electrons into resonance with
the microwave for realizing U†,U . φ is the phase of the electron-microwave interaction in Eq. (11) and M is the waveform of
the microwave. (b) corresponds to Fig. 2 (c) and (d). Here Vjk is the gate voltage between the site j and k. Increasing it will
decrease the potential barrier, which induces an interaction between the relevant sites.
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to resonantly couple the lower spin-split level of quantum dots to the Fermi level of superconductors. The lack of inversion
symmetry in quantum dots induces Rashba spin-orbit interaction in the quantum dots, which results in spin texture in the
quantum level indispensable for generating proximity effect in the neighboring sites.5, 6 The chain is shown36 to support a
zero-energy Majorana edge mode for a wide range of system parameters with disorders. The edge mode is topologically
protected against local perturbations on the bulk of the chain and thermal noise is also suppressed due to the substantial energy
gap of the system.22, 23
We study one sub-chain first. This corresponds to switching off the couplings between any two of the four sub-chains
through performing appropriate electrical gating operations. The effective Hamiltonian is36, 38
H =
N−1
∑
j=1
(−w jc†jc j+1+∆ jc jc j+1+h.c.)−
N
∑
j=1
µ jc†jc j, (1)
where the operator c†j (c j) creates (annihilates) an electron in the Fermi level (the lower spin-split level with a chemical potential
µ j) of the jth quantum dot, w j and ∆ j are the tunneling and pairing amplitudes between the jth and ( j+1)th quantum dots,
and h.c. denotes the Hermitian conjugation of its previous two terms. The subscripts here only describe the quantum dots in a
sub-chain. Their meanings are different from the labelling for the boundary sites in Fig. 1. The parameters w j, ∆ j and µ j can
be different from site to site, due to the limited precision in fabricating and controlling quantum dots. We assume w j > 0, as the
phases of w j can be eliminated by an appropriate transformation ck→ ckeiθk . Also, ∆ j is chosen to be a real number with a
fixed sign (all positive or all negative) through carefully tuning the phases of the superconducting grains.36
The Majorana operators are defined as follows
d2 j−1 = c j + c†j ,
d2 j = −i(c j− c†j) , j = 1,2, · · · ,N. (2)
It can be seen that they resemble Pauli spin operators but anticommute for different fermionic sites (d†j = d j,d
2
j = 1,d jdk +
dkd j = 0 for j 6= k). Eq. (1) can be written in terms of the Majorana operators,
H =
i
2
N−1
∑
j=1
[
(w j +∆ j)d2 jd2 j+1+(−w j +∆ j)d2 j−1d2 j+2
]− i
2
N
∑
j=1
µ jd2 j−1d2 j . (3)
We notice that when
µ1 = µN = 0, ∆1 = w1, ∆N−1 = wN−1, (4)
the Majorana operators d1 and d2N will be absent from Eq. (3). The two operators form a zero-energy edge mode with its
annihilation operator
b˜N =
1
2
(d1+ iηd2N) =
1
2
(c1+ c
†
1+ηcN−ηc†N), (5)
where η = detW0 with W0 being a (2N−2)× (2N−2) real orthogonal matrix that block diagonalizes the coefficient matrix
in Eq. (3) (its dimension is reduced by 2 due to the absence of d1,d2N), and η2 = 1. The remaining Majorana operators
d j,(2≤ j ≤ 2N−1) form Dirac modes b˜k,(1≤ k ≤ N−1) with generally non-zero energies. See Fig. 4. The introduction of
η in Eq. (5) is to ensure that the parity operators of the respective Dirac modes are equal: ∏Nj=1(1−2c†jc j) =∏Nj=1(1−2b˜†j b˜ j).
Here the parity operator has two eigenvalues ±1. The eigenvalue 1 means the number of electrons (or quasi-particles for b˜†j b˜ j)
is even, while −1 means the corresponding number is odd. The Dirac modes b˜k diagonalize Eq. (3): H = ∑N−1k=1 λk(b˜†k b˜k− 12 ).
See Supplementary Materials for a detailed discussion.
We assume λk 6= 0, so that the chain has only one zero-energy mode and the degeneracy of the ground states is two. It can be
numerically verified that the assumption is valid when ∆ j,w j 6= 0, ∆ j ≈ w j and µ j ≈ 0 throughout the chain. The experimental
realization of Eq. (4) is feasible, as the chemical potential can be finely tuned through varying the gate voltage while the
tunneling and pairing interactions can be adjusted through applying local tilted magnetic fields to the boundary sites.37, 41 See
also Ref.42 for alternative implementations of a quantum-dot chain with different tuning methods.
The zero-energy mode b˜†N b˜N corresponds to two-fold degenerate ground states with definite parity:
|G1〉 = |0˜〉1|0˜〉2 · · · |0˜〉N−1|0˜〉N ,
|G2〉 = b˜†N |G1〉= |0˜〉1|0˜〉2 · · · |0˜〉N−1|1˜〉N . (6)
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Figure 4. The Majorana representation of the chain. A quantum-dot chain with N fermionic sites (N = 5) is represented
by 2N MFs (each site by two MFs). The two boundary MFs are unpaired for the parameters in Eq. (4). They form a
zero-energy mode, while all the other MFs are fused to form N−1 new fermions. The lines of different colors connecting MFs
represent the bonding strength according to Eq. (3).
They satisfy b˜k|G1〉 = b˜k|G2〉 = 0,(k = 1,2, · · · ,N− 1), b˜N |G1〉 = 0, and b˜†N |G2〉 = 0. In realistic situations, the chain of
quantum dots is coupled to a reservoir that is composed of various sources such as phonons, superconducting grains, noisy
electric gates, etc. The reservoir may induce transitions between different quantum states of the chain. This is the phenomenon
of quasi-particle poisoning.24, 25 Suppose the perturbation from the reservoir is sufficiently weak as compared with the energy
gap of the system. The effect of the perturbation will only be to induce transitions between the two ground states, which can
cause bit-flip errors and decoherence in quantum computation when the qubits are encoded using these states. The density
matrix of the chain can be written as
q|G1〉〈G1|+(1−q)|G2〉〈G2|, (7)
where q depends on the details of the system-reservoir coupling mechanism (0 ≤ q ≤ 1). Note that the density matrix is
diagonal in the basis of |G1〉 and |G2〉 because the superposition between the two basis vectors differing by fermionic parity is
not allowed.25 One can use Josephson junctions to determine whether the ground state is |G1〉 or |G2〉 through measuring its
parity.43–45
By using b˜N |G1〉= 0 and b˜†N |G2〉= 0, it is not difficult to find out the forms of the two ground states in real space of the
chain (the details are presented in Supplementary Materials).
|G1〉 = x0|Φ(η)〉1,N |Se〉+ x1|Ψ(η)〉1,N |So〉,
|G2〉 = x0|Ψ(η)〉1,N |Se〉+ x1|Φ(η)〉1,N |So〉, (8)
where the states |Φ(η)〉1,N = (|00〉1,N +η |11〉1,N)/
√
2 and |Ψ(η)〉1,N = (|10〉1,N +η |01〉1,N)/
√
2 are maximally entangled
states between the boundary sites 1 and N, |Se〉 and |So〉 are some states in general forms for the sites from 2 to N−1, and
x0, x1 are coefficients to be determined (|x0|2+ |x1|2 = 1). For N = 2, there are no inner sites and the two degenerate ground
states are reduced to |Φ(η)〉1,N and |Ψ(η)〉1,N , which has been considered in Ref.37 The four sub-chains in Fig. 1 will have
four respective states in the form of Eq. (7). We shall employ some schemes (discussed in subsequent subsections) to extract
|Φ(η)〉1,N or |Ψ(η)〉1,N , and further to transform them into two useful entangled qubits. The parameter η is determined by
w j,∆ j,µ j in Eq. (3). When η = 1, the process of diagonalizing (3) corresponds to a proper rotation with the real orthogonal
matrix W0 acting on the vector ~d = (d2,d3, · · · ,d2N−1). The case of η =−1 is an improper rotation which includes a reflection
operation on ~d. It is numerically found that when ∆ j ≈ w j > 0, µ j ≈ 0, we have η = 1. This is the parameter regime that
we would like to consider, while the case η =−1 involves changing the signs of an odd number of w j and ∆ j (a reflection
operation) which is not a typical situation in experiments. Therefore, without loss of generality, we shall assume η = 1.
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The ground states (8) are a topological phase of the chain. This is because their structure depends only on the boundary
conditions (4), not on the details of the inner sites, as in (4), wk,∆k,µk in the bulk of the chain are arbitrary. However, their
values will influence x0,x1 and the details of |Se〉, |So〉 in (8), and also the energy gap (∼Min(2|∆ j|) on condition that ∆ j ≈ w j
and µ j ≈ 0 throughout the chain, see Ref.36). As discussed earlier, we assume the degeneracy of the ground states is always
two, otherwise additional ground states may recombine with (8), thus changing their structure. For instance, consider two
chains that each chain has a zero-energy mode with two degenerate ground states. So, there are four ground states if the two
chains are viewed as a single chain. The states with the same parity can be freely transformed within their subspace, and (8) is
one possible result but not the only one.
Finally, we shall show that the ground states are protected against perturbations that respect characteristic symmetries of the
chain. The Hamiltonian (1) in general has two symmetries:21, 36 the Z2 symmetry (the parity operator P =∏Nj=1(1−2c†jc j)
commutes with H, [P,H] = 0), and the particle-hole anti-symmetry (H changes to −H + constant when c j changes to c†j ). In
addition, the system has another symmetry when the condition (4) is fulfilled. We notice from Eq. (3) and (4) that [d1,H] =
[d2N ,H] = 0. In fact, d1,d2N realize the particle-hole transformation on the boundary sites: d1c1d
†
1 = c
†
1, d2NcNd
†
2N = −c†N .
Define a unitary operator X = d1d2N . We have [X ,P] = [X ,H] = 0, Xc1X† = −c†1, XcNX† = c†N , while [X ,c j] = [X ,c†j ] = 0
for 2≤ j ≤ N−1. Namely, X realizes the particle-hole transformation on the two boundary sites simultaneously. Therefore,
the eigenvalues of P,X can be used to classify the eigenstates of H. In particular, X |Gk〉= (−1)k+1iη |Gk〉, k = 1,2. Consider
a perturbation Hp (static or time-dependent) whose energy scale is much smaller than the energy gap of the chain, so that
the induced transition to excited states can be neglected and Hp effectively only acts on the ground-state subspace.23 In this
situation, either [Hp,X ] = 0 or [Hp,P] = 0 will guarantee the stability of the ground states (namely 〈G2|Hp|G1〉= 0). In our
system, [Hp,X ] = 0 corresponds to Hp in general not acting on the edges of the chain (unless Hp involves only d2,d2N−1, iX
of the edges), which is a topological condition of Hp. Hence the protection of the ground states is said to be topological.
[Hp,P] = 0 corresponds to Hp typically containing no hopping or paring interactions with environment, which offers an extra
possibility of protecting the ground states when the topological condition of Hp is not fulfilled.
In addition to the topological protection mentioned above, another interesting property of the system is that from Eq. (7)
and (8) the reduced state of the two boundary sites can be calculated as
r|Ψ(η)〉1,N〈Ψ(η)|1,N +(1− r)|Φ(η)〉1,N〈Φ(η)|1,N , (9)
where r = q+(1−2q)|x0|2. It can be seen that the probability distribution (r,1− r) of the two maximally entangled states
depends on the system-reservoir coupling through q and the inner part of the system through x0. However, the states |Ψ(η)〉1,N
and |Φ(η)〉1,N with distinct parities are independent of these factors. This indicates that the states of the boundary sites with a
definite parity are robust against quasi-particle poisoning as well as the disorders of the bulk, on condition that the perturbation
from the reservoir is much smaller than the energy gap of the system. Note here that η is fixed for a specific system, provided
the same condition is fulfilled.
Measurement scheme.
The expression (9) motivates us to extract the entangled states of the boundary sites with a definite parity. The entangled
states can be viewed as a charge qubit in an equal superposition of its two basis vectors |00〉1,N and |11〉1,N , or |10〉1,N
and |01〉1,N . We shall show in the next subsection that four such qubits can be used to prepare two entangled qubits. At
this juncture, we would like to remark that these qubits are different from the topological qubits which are encoded in the
degenerate ground state subspace of two chains (i.e. the encoding basis vectors are |G1〉|G1〉 and |G2〉|G2〉 , or |G1〉|G2〉 and
|G2〉|G1〉, cf. Eq. (6)). Although our qubits are no longer topologically protected against the environmental noise, there are still
advantages over the topological qubits. For example, the topological qubit is susceptible to the quasi-particle poisoning24, 25
which induces transitions between |G1〉 and |G2〉 causing bit-flip errors and decoherence in quantum computation. Suppose the
topological qubit is in the state |ψq〉= (|G1〉|G2〉+ |G2〉|G1〉)/
√
2 encoded in two chains. The reservoir is simulated using a
minimal model:24 an additional fermionic site in the vacuum state |0〉 and coupled to the first chain with the Hamiltonian24, 46
Hd = εc†c+κ(c†− c)(b˜† + b˜), where c†,c (b˜†, b˜) are the creation and annihilation operators of the fermionic site (the zero-
energy edge mode of the first chain), and ε is the energy of the fermion. With the time evolution e−itHd |0〉|ψq〉, the topological
qubit will be entangled with the reservoir, which destroys the coherence of the qubit (for special parameters e.g. ε = 0, t = pi/2κ
the qubit gets disentangled with the reservoir with a flip in half of the encoding basis: |G1〉 and |G2〉 of the first chain are
interchanged). In contrast, our qubit before extraction is in the state (9) for which the quasi-particle poisoning only affects
the probability distribution of the two types of encoding for the qubit (|Ψ(η)〉1,N or |Φ(η)〉1,N), while the coherence of the
qubit (i.e. the superposition between the encoding basis vectors) remains intact. Therefore, the state (9) can be regarded as a
quantum memory for preserving the qubits (or entanglement) encoded in the two boundary sites. As will be shown later in the
present subsection, during the extraction the boundary sites are isolated from the environment (except the microwave) through
increasing the confining potential for them. Thus the quasi-particle poisoning is not an issue in this process.
6/16
Figure 5. The schematic diagram of the parity measurement. A microwave transmission line resonator is employed to
measure the parity of the boundary-site electrons of a sub-chain, with f †j /c
†
j ( j = 1,N) the creation operator of the upper/lower
spin-split energy level (red line) of the boundary quantum dots. Here the interaction of the boundary sites with the inner part of
the chain has already been switched off through increasing the confining potential for the boundary sites. The gemometry of the
setup allows the electromagnetic field to be concentrated on the boundary sites, and its interaction with the inner part of the
chain is neglected. See also Ref.39, 40 for similar geometric designs where plunger gates/protrusions are used to concentrate the
electromagnetic field. The accuracy of this scheme can be enhanced through applying local magnetic fields to make the
boundary sites off-resonant with the inner part of the chain.
To extract the entangled states of the boundary sites, one could first determine the ground state through measuring its
parity.43–45 This is sufficient to achieve the extraction for N = 2. For N > 2, it is necessary to further measure the parity
of all the inner-site electrons in order to collapse the ground state (8) into a configuration that the boundary sites are either
in |Ψ(η)〉1,N or in |Φ(η)〉1,N . This measurement can be performed by using single-electron detectors to directly probing the
electron in each of the inner sites. The summation of all the measurement results (0 or 1 for each inner site) gives an even or
odd number representing the parity of all the inner-site electrons. However, the method requires the inner sites to be decoupled
from each other, otherwise the detector will only couple to the eigen modes of the chain and fail to measure the electron of
the individual sites. The requirement can be fulfilled through increasing the confining potential for each inner site, which is
complex for a long chain. A simpler way is to directly measure the parity of the boundary-site electrons. The measurement
should be coherent, not by counting the electrons in the boundary sites. Namely the reduced state (9) should be collapsed to
one of its two terms when the measurement is done. To this end, one could couple a microwave dispersively to the boundary
sites in order to measure their parity. There are three ways of realizing the dispersive coupling. (1). A microwave cavity (the
transmission line resonator, TLR) can be designed with protrusions39, 40 in the region of the boundary sites of the sub-chain in
order to concentrate the electromagnetic field locally, as shown in Fig. 5. The interaction of the microwave with the inner part of
the sub-chain is neglected. (2). A local magnetic field41 can be applied adiabatically to the boundary sites, in order to increase
the energy gap between the spin-split levels of the boundary-site electrons which will be off-resonant with the inner part of the
sub-chain. In this way, the microwave, when applied to the entire sub-chain, will interact only effectively with the boundary
sites (i.e. the microwave is off-resonant with and thus decoupled from the inner part of the sub-chain). (3). The quantum state
of each boundary site can be transferred to an ancillary site through hopping of electrons (e−itH , H =−w(c†1c2+c†2c1), t = pi2w ).
The ancillary sites are not aligned with the chain, and the parity measurement will be performed on them. They can even form
the new boundaries of the original chain, with the overall state described by Eq. (7). The advantage of the third scheme is
that the interaction of the microwave with the inner part of the chain is completely eliminated. Here we only discuss the first
scheme. Apparently, the discussion when slightly modified applies to the other two schemes as well.
We shall show that after a proper time of interaction, the boundary sites initially in the state (9) and TLR initially in the
coherent state |α〉 will evolve to
r|Ψ(η)〉1,N〈Ψ(η)|1,N⊗|−α〉〈−α|+(1− r)|Φ(η)〉1,N〈Φ(η)|1,N⊗|α〉〈α|, (10)
where |±α〉 are the coherent states of TLR with the respective amplitude ±α , and other symbols are those in Eq. (9). It can be
seen that the state of the boundary sites will collapse to |Φ(η)〉1,N or |Ψ(η)〉1,N through measuring the coherent states of the
microwave, provided the coherent states are orthogonal. The orthogonality can be achieved to a good approximation when the
amplitude α is sufficiently large so that |〈α|−α〉|2 = e−4|α|2  1. The two coherent states can be measured through homodyne
detection by means of parametric amplifiers and mixers.48
The remaining part of the subsection will concentrate on the derivation of Eq. (10), and based on it another measurement
scheme is mentioned in the last paragraph. First, we suddenly increase the strength of the confining potential in the direction
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along the chain for the boundary sites so that they are decoupled from the inner sites. This is a process of quantum quench. The
effective Hamiltonian (including the measurement setup in Fig. 5) with rotating-wave approximation is
Hin =
δ
2
( f †1 f1+ f
†
N fN)+ Je
iφa( f †1 c1+ f
†
NcN)+h.c., (11)
where δ =Ω−ωm is the detuning between the resonant frequency (Ω) of the quantum dots (the energy gap of the spin-split
levels) and the frequency (ωm) of the microwave photons, c j,c†j are defined in Eq. (1), f j( f
†
j ) is the annihilation (creation)
operator for the upper spin-split level of the jth quantum dot around the Fermi level (see Fig. 5), a†,a are the creation and
annihilation operators of the microwave photons, J is the spin-photon coupling strength induced by the spin-orbit interaction
in the quantum dots47 (see Supplementary Materials for the estimation of J), J/δ  1 (the dispersive coupling regime), h.c.
denotes the hermitian conjugation of its previous terms, and φ is a tunable phase. The Hamiltonian is written in the interaction
picture with the free part H0 = ωm(a†a+ 12 + f
†
1 f1+ f
†
N fN), and the chemical potentials of the boundary sites are finely tuned
to zero.
The Hamiltonian (11) essentially describes the interaction between photons and two-level atoms, if we define the raising
and lowering operators for the two-level atoms as σ†j = f
†
j c j, σ j = c
†
j f j. The anti-commutator σ
†
j σ j +σ jσ
†
j = f
†
j f j + c
†
jc j−
2 f †j f jc
†
jc j = 1 is fulfilled when there is exactly one electron in the two spin-split levels around the Fermi level. However,
when there is no electron around the Fermi level of some boundary site, the above anti-commutator equals 0 and thus is not
well-defined. In this situation, the microwave will not effectively interact with that specific site. Therefore, the number of the
two-level atoms (denoted as N0) in the essential TC model is not fixed; it depends on the number of electrons around the Fermi
levels of boundary sites. The parity of this number is what we want to measure.
Next we apply a unitary transformation U = exp[ Jδ ∑ j(aσ
†
j − a†σ j)] to the Hamiltonian (11) for φ = 0. Expanding to
second order in J/δ , we have48, 49
H ′in =UHinU
† ≈ (δ + J
2
δ
)∑
j
σ†j σ j +
J2
δ ∑j
σ zj a
†a+
J2
δ ∑j 6=k
(σ†j σk +σ jσ
†
k ), (12)
where σ zj = σ
†
j σ j−σ jσ†j . The terms proportional to J3 are neglected for an initial coherent state of the microwave with its
amplitude α satisfying α  δ/(2J).
We notice that the initial state of the N0 atoms is always in the lower spin-split levels, so that the last summation in Eq. (12)
is essentially 0. For the microwave initially in a coherent state |α〉 and the number of the boundary-site electrons to be N0
(in a number state |N0〉 created by c†j ’s), the state for a time evolution T = piδ/J2 becomes e−iT H
′
in |α〉|N0〉= |(−1)N0α〉|N0〉,
where |(−1)N0α〉 is a coherent state of the microwave with amplitude (−1)N0α . It can be seen that this result is consistent
with Eq. (10). We also notice that U,U† in Eq. (12) can be realized through adiabatically tuning the gap of the boundary-site
electrons into resonance with the microwave and then adjusting the phase φ to be pi/2,−pi/2 respectively for a time evolution
t = 1/δ (see Eq. (11) and Fig. 3(a)). The microwave is stored in a quantum memory50, 51 in the process of tuning the gap of the
boundary-site electrons. Hence the derivation is finished. Experimentally,36 ωm/(2pi)∼ 114.31 GHz, Ω/(2pi)∼ 120.74 GHz
(0.5 meV), J/(2pi)∼ 214 MHz, α ∼ 1.5 and T ∼ 70 ns. If we choose T = piδ/(2J2) instead of piδ/J2, the state will evolve to
|(i)N0α〉|N0〉 which can still be used to measure the parity of N0. However, despite the advantage of shorter time, measuring the
corresponding four coherent states will involve higher error rates as the overlap among them increases.
Another method for measuring the parity of the boundary-site electrons is through measuring the transmission spectrum
of TLR.48 As can been seen from Eq. (12), the TLR frequency is shifted by (J2/δ )∑ jσ zj which depends on the state of the
boundary sites. The shift is−J2/δ for |Ψ(η)〉1,N and−2J2/δ for |11〉1,N (no shift for |00〉1,N). If we drive TLR at the frequency
ωm− J2/δ , the photon will be transmitted for |Ψ(η)〉1,N and reflected for |Φ(η)〉1,N . To make this method accurate, the photon
loss of TLR, which causes spectral line broadening, need be reduced.
Useful entanglement resource.
The entangled states extracted from (9) are not a useful entanglement resource: e.g. one can neither test Bell inequalities52 nor
perform quantum computing34 with these states. This is because the two levels of one subsystem of the entangled states are
represented by the absence (|0〉) and presence (|1〉) of a fermion in a single site. There is no physical mechanism that could be
used to prepare a superposition of the two levels differing by fermionic parity: α|0〉+β |1〉, (|α|2 + |β |2 = 1). It’s required
to use two fermionic sites,27, 28 e.g. |0〉 ≡ |10〉, |1〉 ≡ |01〉. This is similar to the encoding of topological qubits. Indeed, we
have already called the extracted entangled state a charge qubit rather than two entangled qubits in the previous subsection. An
interesting question is whether or not it is possible to prepare two entangled qubits. This can be done through the following
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Figure 6. The schematic diagram of the swap operation. ξ ′23 is the potential barrier between the quantum dot 2 and 3 (see
Fig. 2(c)). The barrier is sufficiently high so that the coupling between the two quantum dots is switched off. When the barrier
is suddenly decreased from ξ ′23 to ξ23, the hopping interaction between the two sites is induced (see the green line with arrows).
This interaction results in the swap operation as shown in Eq. (14). The decrease of the barrier is realized through increasing
the gate voltage between the two sites. See Fig. 3(b). After the swap operation is finished, the barrier is restored to the higher
value ξ ′23 in order to switch off the interaction between the two sites.
scheme. Suppose we have extracted an entangled state from each sub-chain shown in Fig. 2(a) and all the states are |Ψ(η)〉1,N
with η = 1. Let us focus on the sub-chain C1 and C3 first. The state of the sites 1,2,3,4 in Fig. 2(c) is
|ψ〉1234 =
|10〉+ |01〉√
2
|10〉+ |01〉√
2
(13)
Then, we swap the states of the site 2 and 3 through the time evolution with the Hamiltonian H23 =−w(c†2c3+ c†3c2). Note that
exp(−itH23) = |00〉〈00|+ |11〉〈11|+ i|01〉〈10|+ i|10〉〈01| when t = pi2w . So we have
e−itH23 |ψ〉1234 =
1√
2
[|10〉13(
i|10〉24+ |01〉24√
2
)+ |01〉13(
|10〉24+ i|01〉24√
2
)], (14)
where we have grouped the states of the site 1 and 3 together (and also for 2,4). The swap operation in Eq. (14), involving a
phase factor i, is referred to as the i-swap. This is different from the ideal exchange operation (without the phase i), which was
used e.g. in the spin system53 to simulate the Hanbury Brown-Twiss Interferometer in quantum optics (the i-swap can also be
used but it is dispensable there). It can be seen that we have obtained a maximally entangled state with two qubits encoded by
four fermionic sites: the sites 1,3 for one qubit and 2,4 for the other. The logical basis are |0〉1 ≡ |10〉13, |1〉1 ≡ |01〉13 for the
first qubit, and |0〉2 ≡ |10〉24, |1〉2 ≡ |01〉24 for the second. In fact, the success of creating the entangled state is attributed to the
phase factor i mentioned earlier; without it the above process is not possible.54 See Fig. 6 for the schematic diagram of the
swap operation. One drawback of the entangled qubits is that the site 3 is far from the site 1 so that it is difficult to induce
interaction between them (similar for the site 2 and 4). This problem can be solved by using the chain C1′ and C3′ as shown
in Fig. 2 (a). Both of the chains are in the maximally entangled states as C1 and C3. Then, one can perform teleportation to
transfer the state of the site 3 to 1′ and that of 2 to 4′. The detailed scheme is discussed in Supplementary Materials. Finally, we
obtain a useful maximally entangled state with two logical qubits encoded by the sites 1,1′ and 4,4′ respectively. See Fig. 2(d).
The above scheme is still feasible when the measurement result for the parity of the boundary-site electrons of C1 and/or
C3 is even, with a little difference in the final entangled state. For instance, if the parity of the boundary sites of C1 is even,
the logical basis for the qubit in the sites 1,1′ will be |0〉1 ≡ |00〉11′ , |1〉1 ≡ |11〉11′ . In fact, the local gates for correcting the
bit-flip errors or phase errors in the teleportation is dispensable for achieving the final entangled qubits. For instance, without
performing the bit-flip gates, the basis of the relevant qubit will change from {|00〉, |11〉} to {|10〉, |01〉} (or reversely), but the
entanglement is equivalent.
Decoherence. In realistic experiments, there are photon losses, and the quantum dots have dephasing due to the fluctuations
of the electrical gate bias, in addition to the spontaneous emission. We use the master-equation approach to simulate the
decoherence process.
dρ
dt
= − i[Hin,ρ]+κD[a]ρ+ γφ12 D[σ
z
1]ρ+κ1(n¯1+1)D[σ1]ρ+κ1n¯1D[σ
†
1 ]ρ
+
γφN
2
D[σ zN ]ρ+κN(n¯N +1)D[σN ]ρ+κN n¯ND[σ
†
N ]ρ, (15)
where Hin is defined in Eq. (11), D[O]ρ = (2OρO†−O†Oρ−ρO†O)/2, κ is the photon decay rate of TLR, γφ j and γ j are
the dephasing rate and spontaneous emission rate of the boundary quantum dots ( j = 1,N), and n j = (eh¯Ω/kBTR −1)−1 is the
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mean photon number at the reservoir temperature TR and the transition frequency Ω between the spin-split levels of the jth
quantum dot. Note that we have ignored the decoherence during the time evolution for realizing U†,U in Eq. (12), as their
operation time ∼ 30 ps, much smaller than the typical decoherence time (∼ 1µs). Assume κ/2pi ∼ 1 MHz, γ j/2pi ∼ 0.2 MHz,
γφ j/2pi ∼ 0.5 MHz,29 TR = 10 mK, and we consider the time evolution according to Eq. (15). We calculate the fidelity of the
reduced state of the two boundary sites with the ideal state |Φ(η)〉1,N or |Ψ(η)〉1,N , when the microwave’s state is measured
(|±α〉). The fidelity between two states ρ and τ is defined55 as F(ρ,τ) = tr
√
ρ1/2τρ1/2. The numerical simulation shows
that the better fidelity 0.97 is obtained when the microwave’s state is measured to be |−α〉 (the other fidelity is 0.84 for the
microwave’s state to be |α〉; the large difference between the two fidelities is attributed to the fact that the state |Ψ(η)〉1,N is
less susceptible to the symmetric phase errors than |Φ(η)〉1,N). The result indicates that our measurement scheme is feasible
under realistic experimental conditions. If we ignore the further decoherence during the time evolution in Eq. (14), as it’s much
shorter (∼ 2 ps) than the decoherence time (∼ 1µs), the final fidelity for the entangled qubits is calculated to be as high as 0.9.
Discussion
We have shown that a pair of maximally entangled solid-state charge qubits can be extracted from two parallel chains of coupled
quantum dots that support zero-energy edge modes. The edge mode is composed of unpaired Majorana fermions. The extracted
entanglement is a useful resource for quantum computing.34 The details of the entangled state depends on both the parity
measurement of the boundary-site electrons in each chain (see Eq. (9)) and the teleportation between the chains. Our scheme
provides an illustration of localizable entanglement,26 which is feasible under realistic experimental conditions, as it allows
for finite temperature effect and local noise. That is, the ground states of the chain, from which the entangled charge qubits
are extracted, are protected against thermal excitations due to the substantial energy gap, and they are also protected against
perturbations that either respect the particle-hole symmetry of the boundary sites (a topological protection) or respect the
Z2 symmetry of the chain. Even if the perturbation does not respect the symmetries of the system, it still cannot affect the
extraction of the entangled qubits, as long as the perturbation is much smaller than the energy gap of the system. Namely, our
scheme is robust against quasi-particle poisoning.24, 25 In addition, it is only required to finely tune the parameters close to the
boundary sites (see Eq. (4)), while small disorders in the inner sites (the bulk of the chain) is allowed.
The fidelity for the entangle qubits can be as high as 0.9 for the decoherence that is mainly due to the noise of the electrical
gate bias. As fluctuations of the environmental charges trapped in the insulating substrate or at the interface of the heterostructure
may further reduce the coherence time,30 new growth methods for materials with low trapped charge density,31 as well as
the charge echo techniques,32 can alleviate the decoherence. Our scheme, when combined with the purification protocols,33
serves as a quantum repeater for distributing entanglement. The distance of the distribution are restricted mainly by the noise
which is required to be much smaller than the energy gap of the system. The total noise grows linearly with the distance
assuming independent and identical reservoirs for individual sites. The growth is less severe than the scheme for distributing
entanglement through quantum state transfer, where the noise grows exponentially with the distance.56, 57 Furthermore, due to
the advantage (over the implementation using quantum wires) that the coherence length of the electrons are only required to be
longer than the width of the individual superconducting grains between the nearest-neighbour quantum dots,36 the distance of
the distribution can be increased promisingly to macroscopic scale (& 10−4 m). This scale is compatible with the wavelength
of the microwave (∼ 3 mm) for realizing the parity measurement. Different from the existing proposals of quantum repeaters
where postselection of photon states are used,58, 59 our proposal involves manipulations of MFs (edge states).
Our proposal provides an experimental method for probing the structure of the topological ground states and might enable
us to simplify the schemes of topological quantum computation using MFs. For instance, ancilla MFs are needed for realizing
the topological two-qubit entangling gate, unless the four-MF interaction is realizable.60 But the corresponding edge states can
be used for extracting conventional entangled qubits through the swap of Dirac fermions in our scheme (see Fig. 2(c)) without
the aid of ancilla MFs. This difference can be further investigated, which helps to devise a way of removing the need for ancilla
MFs in the process of performing the topological two-qubit entangling gate. In addition, future work can be pursued on the
scenarios that the disorders close to the boundary sites are present and/or the disorders in the bulk are too large, in order to
determine the range of parameters for a stable edge mode and the corresponding entangled qubits to exist.
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Supplementary materials for “Extracting entangled
qubits fromMajorana fermions in quantum dot chains
through the measurement of parity”
The supplementary materials consist of four sections. Sec. 1 discusses Bogoliubov-de Gennes transformation. Sec. 2 discusses
the derivation of the ground states in real space of the chain. Sec. 3 gives an estimation of the electron-microwave coupling
strength J. Sec. 4 discusses the teleportation for obtaining the final entangled qubits.
Bogoliubov-de Gennes transformation
One can use the Bogoliubov-de Gennes transformation61 to solve for the zero mode
b˜ j =
1
2
N
∑
k=1
[
φ j,kd2k−1+ iψ j,kd2k
]
=
1
2
N
∑
k=1
[
(φ j,k−ψ j,k)c†k +(φ j,k +ψ j,k)ck
]
,
( j = 1,2, · · · ,N), (16)
where φ j,k and ψ j,k are real coefficients determined by the condition that the Hamiltonian (1) in the main text is diagonalized:
H = ∑Nj=1λ j(b˜
†
j b˜ j− 12 ). We note that [b˜ j,H] = λ jb˜ j. If there exists a zero mode, say λN = 0, we have [b˜N ,H] = 0. [b˜N ,H] can
be calculated by using Eq. (1) and (16). By requiring the coefficients of c j and c
†
j in the calculated result to be zero, we get(
φN, j+1
φN, j
)
=
( −µ j
∆ j+w j
∆ j−1−w j−1
∆ j+w j
1 0
)(
φN, j
φN, j−1
)
,
(
ψN, j−1
ψN, j
)
=
( −µ j
∆ j−1+w j−1
∆ j−w j
∆ j−1+w j−1
1 0
)(
ψN, j
ψN, j+1
)
,
( j = 1,2, · · · ,N), (17)
where the variables with subscripts equal to (N,0) or (N,N+1) are assumed to be 0. For a uniform chain i.e. w j = w, ∆ j = ∆
and µ j = µ in the above two equations, we notice that the transfer matrices are identical:
( −µ
∆+w
∆−w
∆+w
1 0
)
≡ A. However,
the index for φN,i will increase upon the action of the transfer matrix, while for ψN,i the index will decrease. So, we can set
ψN, j = φN,N+1− j, and the Bogoliubov-de Gennes transformation (16) for b˜N becomes
b˜N =
1
2
N
∑
k=1
[
φN,k(d2k−1+ id2(N+1−k))
]
,
=
1
2
N
∑
k=1
[
φN,k(ck + c†k + cN+1−k− c†N+1−k)
]
(18)
Suppose the two eigenvalues of the transfer matrix A are λ1 and λ2, i.e. A|λi〉= λi|λi〉, i= 1,2, so A−1A|λi〉= |λi〉= λiA−1|λi〉,
thus the two eigenvalues of A−1 are λ−11 and λ
−1
2 (for λi 6= 0). If |λ1|< 1 and |λ2|< 1 (or, |λ−11 |< 1 and |λ−12 |< 1), we will have
a decaying solution for φN,i (or φN,N+1−i), i= 1,2, · · · ,N, in the thermodynamic limit N→∞. This corresponds to |µ|< 2w and
∆ 6= 0. For general values of w j, ∆ j and µ j, Ref.36 proves that if w j and ∆ j are sign-ordered i.e. sign(∆ jw j)=sign(∆ j+1w j+1),
and |µ j| < max(|w j−1|, |∆ j−1|), then the chain has zero-energy Majoarana fermions. The solution (4) can be verified by
substituting it into Eq. (17). Actually, there is another solution: µ1 = µN = 0, ∆1 =−w1, ∆N−1 =−wN−1, corresponding to
the absence of d2 and d2N−2 in Eq. (3). The two MFs form a zero-energy edge mode that is similar to Eq. (5). Further analysis
for this solution is also very similar to that for Eq. (4) and omitted.
Next, we prove the parity equality: ∏Nj=1(1− 2c†jc j) = ∏Nj=1(1− 2b˜†j b˜ j). The Hamiltonian (3) can be written as
H = i4 ∑l,m Al,mdldm. The coefficient matrix A is block diagonalized by a 2N × 2N real orthogonal matrix W : A j,k =
∑m,n W Tj,mΛm,nWn,k, where Λ is a block diagonal matrix: Λ2k−1,2k = −Λ2k,2k−1 = λ j (other matrix elements are zero). Note
that WW T = W TW = I so that (detW )2 = detW detW T = det(WW T ) = 1. When detW = 1, the parity equality holds38.
For the parameters in Eq. (4), we have the zero-energy mode in Eq. (5). The corresponding W will be Wj,1 = δ j,2N−1,
Wj,2N = W2N, j = ηδ j,2N , W2N−1, j = δ j,1 for 1 ≤ j ≤ 2N. While Wj,k = (W0) j,k−1 for 1 ≤ j ≤ 2N − 2, 2 ≤ k ≤ 2N − 1.
Here η = detW0 is defined in Eq. (5). Therefore, detW can be calculated, according to the definition of determinant, as
detW = η detW0 = η2 = 1. This concludes the proof.
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Ground states in real space of the chain
In real space of the chain, |G1〉 can be written as
|G1〉=
1
∑
i, j=0
zi j|i j〉1,N |Ψi j〉, (19)
where we have grouped the states for the sites 1 and N together (assume N ≥ 3 first), and |Ψi j〉 is the state for the sites from 2 to
N−1. We notice that because |G1〉 has an even parity (i.e. it is a superposition of the states with an even number of electrons),
the states |Ψ00〉 and |Ψ11〉 also have an even parity, while the states |Ψ01〉 and |Ψ10〉 have an odd parity.
The state |G1〉 satisfies b˜N |G1〉= 0. Using Eq. (5), we have b˜N |G1〉 equal to
|00〉1,N(z10|Ψ10〉−ηz01|Ψ01〉)+ |01〉1,N(z11|Ψ11〉−ηz00|Ψ00〉)
+|10〉1,N(z00|Ψ00〉−ηz11|Ψ11〉)+ |11〉1,N(z01|Ψ01〉−ηz10|Ψ10〉).
We can set z10 =ηz01≡ x1/
√
2, z00 =ηz11≡ x0/
√
2, |Ψ10〉= |Ψ01〉 ≡ |Se〉, |Ψ00〉= |Ψ11〉 ≡ |So〉 (note that η2 = 1). Therefore,
|G1〉 equals
x0
|00〉1,N +η |11〉1,N√
2
|Se〉+ x1
|10〉1,N +η |01〉1,N√
2
|So〉, (20)
We note that 〈G1|c†Nc†1c1cN |G1〉= 12 |x0|2. For the homogeneous chain (∆ j = ∆, w j = w, µ j = µ), if we further have ∆= w >
0,µ = 0, the Hamiltonian (3) reduces to H = iw∑2N−1j=1 d2 jd2 j+1 and the new Dirac fermion operators that diagonalize the
Hamiltonian (3) are b˜ j = (c2 j + ic2 j+1)/2, b˜
†
j = (c2 j− ic2 j+1)/2, for j = 1,2, · · · ,N−1, (η = 1, see Ref.38). These relations
together with Eq. (2) and (5) can be used to solve for c1 and cN . c1 = 12 (b˜N + b˜
†
N + ib˜1+ ib˜
†
1), cN =
1
2 (b˜N− b˜†N− ib˜N−1+ ib˜†N−1).
So 〈G1|c†Nc†1c1cN |G1〉 can be calculated by using these expressions and Eq. (6), and the result is 14 . Thus, x0 can be chosen to
be
√
2
2 , and x1 is determined by normalization condition of the state (8): |x0|2+ |x1|2 = 1, so x1 =
√
2
2 . For general values of
∆ j,w j,µ j, we only have Eq. (2) and (5), but b˜ j ( j = 1,2, · · · ,N−1) is unknown, which is a function of ck,c†k (k = 1,2, · · · ,N)
and can be obtained by diagonalizing the coefficient matrix in the Hamiltonian (1). Then, we can solve for c1 and cN to
determine x0,x1,η in the state (8). The state |G2〉= b˜†N |G1〉 by using Hermitian conjugate of Eq. (5). For the situation N = 2,
the calculation is similar, where the two ground states are those before |Se〉 and |So〉 in Eq. (20).
Estimation of J
The coupling between the microwave and the spin of the quantum dots in our proposal is analogous to the electron spin
resonance which is usually weak as compared with the coupling through the electric dipole moment and thus ignored. However,
in our experiment, this coupling is significant due to the presence of strong spin-orbit coupling in the quantum dots. We shall
estimate the coupling strength J below. Note that the microwave is applied to the two boundary quantum dots which are
decoupled from the inner part of the chain. Therefore, the superconducting proximity effect are not present in the measurement
process.
The eigenstates and energy eigenvalues for the two spin-split levels of a single quantum dot are36
|ψ±〉 = e−i(
pix
lso
+η)σy |ψ0,σz =±1〉,
E± = E0− pi
2
2m∗l2so
±Vz
√
c20+ s
2
0, (21)
where lso = pim∗α (m
∗ the electron’s effective mass, α the Rashba spin-orbit coupling strength), tanη = c0/s0−
√
1+(c0/s0)2
with c0 = 〈ψ0|cos 2pixlso |ψ0〉, s0 = 〈ψ0|sin 2pixlso |ψ0〉, E0 and |ψ0〉 are the eigen-energy and the spatial part of the eigen wave
function without considering the magnetic field and the spin-orbit coupling, and Vz is the Zeeman potential.
With the measurement setup in Fig. 5, the Hamiltonian for a single quantum dot and the microwave changes to h¯ωma†a+
1
2m∗ (p+ eA)
2 − eφm + α zˆ · [(p+ eA)× σ ] +V (r), where a†(a) is the creation (annihilation) operator of the microwave
photons with frequency ωm, p is the momentum of the electron, A and φm are the vector and scalar potentials of the
microwave, σ = (σx,σy,σz) is a vector of Pauli matrices, V (r) is the confining potential. The term −eφm ∼ er · (E+ ∂tA)
describes the interaction of the electromagnetic filed with the dipole moment of the electron. This term is considered for
coupled double quantum dots,62 but it can be ignored here for a single quantum dot (or two decoupled quantum dots)
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Figure 7. The detailed diagram of the measuring setup.
because the only possible transition is that between the two energy levels in Eq. (21) which is electric-dipole forbidden
(〈ψ+|r|ψ−〉 = 0). An exception is to use a third energy level to induce Raman transition,63 but this method will not be
considered here due to its incapability of realizing the dispersive coupling. One could also consider this third level and
|ψ−〉 forming a two-level system which allows transition through the electric dipole (usually with optical frequency). This
method is feasible for achieving the dispersive coupling, but transitions involving other levels (e.g. from the aforementioned
third level to |ψ+〉) must be suppressed, otherwise spin-photon entanglement will be generated.64 Instead, when restricted
to the subspace spanned by |ψ±〉, the relevant part describing the electron-microwave interaction in the Hamiltonian is
Hr = em∗ (pxAx+ pyAy+ pzAz)+ eα(σyAx−σxAy). We assume that 〈ψ0|p|ψ0〉= 0, and notice that 〈ψ+|px|ψ−〉= im∗α . The
electromagnetic gauge is chosen to be62, 65 A = k×B0k2 (a+a
†), φm = φ˜m(a+a†), φ˜m = ll0
√
h¯ωm
ctot
, where k is the wave vector of
the microwave, B0 is the rms vacuum fluctuations of the magnetic field of the microwave, ctot is the total capacitance of the
transmission line resonator (TLR), a (a†) is the annihilation (creation) operator of the microwave photons, l is the coordinate
along the electric field lines, and l0 is the distance between the two planes facing the quantum dots (see Fig. 7). The second
quantization of Hr with the rotating-wave approximation is ( f
†
j c j〈ψ+|Hr|ψ−〉+h.c.) = J f †j c ja+h.c..
J = eαcη |B0|/k, (22)
where cη =−〈ψ0|cos( 2pixlso +2η)|ψ0〉. Experimentally, α = pi/(m∗lso) with m∗ = 0.023me for the InAs quantum dot, lso ∼ 100
nm, and |B0| ∼ |∇l φ˜m|/c = 1l0c
√
h¯ωm
ctot
(c the speed of light), ωm/2pi ∼ 1011 Hz, ctot ∼ 1 pF, l0 ∼ 5 µm, k = 2pi/λ ∼ 2×103
m−1 and assume 〈x|ψ0〉=
√
2
L sin(
pix
L ) with L∼ 120 nm the width of the quantum dot in x direction, J/2pi can be tuned to 200
MHz. The phase φ in Eq. (11) can be generated through the time evolution eitδ f
†
j f j f †j e
−itδ f †j f j = f †j e
itδ with t = (φ +2npi)/δ ,
n an integer. If we ignore the spin-orbit coupling, but instead consider the direct interaction of the microwave’s magnetic
field with the electron’s spin via the Zeeman effect: Hz =−µ ·B = e2m∗σ ·B0(a+a†). The corresponding coupling strength
after the second quantization and the rotating-wave approximation are performed will be Jz = e|B0|/(2m∗). The ratio
J/Jz = 2αcηm∗/k = cηλ/lso ∼ 104, indicating that the spin-microwave interaction will be considerably enhanced when the
spin-orbit coupling is significant. We notice that this enhancement has already been pointed out in Ref.47 of the main text,
where the spin-photon coupling is realized in the interacting double quantum dots via the spin-orbit interaction. The coupling
strength there ∼ 0.4 MHz (see F.2. in the Supplemental Material of Ref.47) is much smaller than our value ∼ 200 MHz. The
main reason is that the spin rotation of the wave function in Ref.47 is along the circumference of the carbon nanotube. For
this configuration, the overlap between the microwave’s vector potential and the electron’s momentum vector with a varying
direction (tangential to the circumference) is rather limited.
Teleportation
The state (9) will be useful for performing quantum teleportation if its parity is determined through the microwave measurement.
Suppose the boundary sites are in the state: 1√
2
(|00〉1,N + |11〉1,N). We have an extra fermionic site with the index 0. The
quantum state of this site may be correlated with its environment. Denote the state of the site 0 and its environment as
|χ0〉= y0|0〉0|φ0〉+y1|1〉0|φ1〉, where |0〉0 (|1〉0) means that there is no (one) fermion in the site 0, y0 and y1 are the amplitudes,
and |φ0〉 and |φ1〉 are some states of the environment. The task is to teleport the state in the site 0 to the site N. As we know,
one need to perform Bell measurement. This seems not possible, but we can realize it indirectly through basis transformation in
the Hilbert space of the site 0 and 1.
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The initial state is
|φ〉= |χ0〉
|00〉1,N + |11〉1,N√
2
(23)
Then the interaction (hopping and pairing) between the sites 0 and 1 is switched on, and their chemical potential is finely tuned
to be zero. The Hamiltonian is
H01 =−w0(c†0c1+ c†1c0)+∆0(c0c1+ c†1c†0) (24)
Choose the hopping amplitude w0 and the superconducting gap ∆0 to satisfy w0 = ∆0 > 0. The time evolution operator is
exp(−itH01). Setting t = t0 ≡ pi4∆0 , we have
e−it0H01 |φ〉= 1
2
[|00〉01(y0|0〉N |φ0〉+ iy1|1〉N |φ1〉)
+|01〉01(y0|1〉N |φ0〉+ iy1|0〉N |φ1〉)
+|10〉01(iy0|1〉N |φ0〉+ y1|0〉N |φ1〉)
+|11〉01(iy0|0〉N |φ0〉+ y1|1〉N |φ1〉)], (25)
where we have written the states of the sites 0 and 1 first, and then the states of the site N and the environment of the site 0. It
can be seen that we have four results when measuring the site 0 and 1 in the number basis: | jk〉, j,k ∈ {0,1} (see Ref.28 for the
experimental realization of charge measurement). For each result, the corresponding state for the site N and the environment of
the site 0 is equivalent to the original state |χ0〉 up to a local unitary transformation (gate) on the site N. The results 00 and 11
involve phase gates which are fulfilled by applying electric voltage, while the results 01 and 10 involve bit-flip gates which
are realized by coupling the site N to a chain supporting zero-energy edge mode b˜†mb˜m. The chain has a Hamiltonian similar
to Eq. (1) with parameters in Eq. (4), but N there is all replaced by another length m. The inner sites of a sub-chain in Fig. 1
can be chosen to serve as this chain. The coupling between the site N and the chain is46: H f = κ(c†N− cN)(b˜†m+ b˜m), where
κ denotes the coupling strength. We have exp(−itH f )|0〉N |G1〉=−i|1〉N |G2〉 and exp(−itH f )|1〉N |G1〉=−i|0〉N |G2〉 when
t = pi/(2κ), realizing the bit-flip gate. Here |G1〉 and |G2〉 are the ground states of the chain (see Eq. (6) with N replaced by m),
and their positions can be interchanged to obtain the other two Eqs. of time evolution.
For the other maximally entangled state (|10〉1,N + |01〉1,N)/
√
2, the discussion is very similar. We only need to flip the
state of the site N in Eq. (25) to obtain the result. To suppress the charge noise, it is preferred to use the basis of |10〉 and |01〉
rather than |00〉 and |11〉 of the double quantum dots for encoding the qubit. In this situation, the state (|00〉1,N + |11〉1,N)/
√
2
and the pairing interaction in (24) should be avoided. When ∆0 is set to be zero in (24), it can be verified that the teleportation
succeeds with the probability 1/2.
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